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Abstract. We state axioms for Rényi entropy when signed measures are allowed and

derive the family of entropy functionals that satis�es these axioms. We use this notion of

entropy to provide a characterization of the simplest quantum system, namely, the qubit,

in terms of an entropically-stated Uncertainty Principle and an Unbiasedness Principle.

1. Introduction

The maximum entropy method was introduced to physics as a way of deriving the Boltz-

mann distribution of statistical mechanics (Jaynes [1957]). This method has subsequently

been widely used in information theory, statistics, and many applications besides physics.

In this paper, we extend the de�nition of entropy to signed measures, which enables us to

provide a maximum-entropy characterization of the simplest quantum system, namely, the

qubit. Our approach is to work in quantum phase space (introduced by Wigner [1932]),

which, as is well known, involves the use of negative (signed) probabilities. This is what

necessitates our extension of entropy.

As for the notion of entropy which we employ, we start with Rényi entropy (Rényi

[1961]), which includes Shannnon entropy (Shannon [1948]) as a special case and is used

in communication theory, computer science, and quantum information, among other appli-

cations. Rényi entropy for ordinary (unsigned) measures was axiomatized in Rényi (1961)

and Daróczy (1963). Here, we modify the Rényi axioms so that they retain their intent

when signed measures are introduced, and we derive the family of entropy functionals that

satis�es our axioms.

For our application to quantum systems of Rényi entropy with signed measures, we take

two important features of quantum mechanics and turn them into physically justi�able

axioms. The �rst axiom is an Uncertainty Principle, stated in terms of entropy. The

second axiom is an Unbiasedness Principle, which requires that whenever there is complete

certainty about the outcome of a measurement of the system in one of three mutually

orthogonal directions, there must be maximal uncertainty about the outcomes in each of

the two other directions. As we will see, the Unbiasedness Principle sets the value of the

lower bound in the Uncertainty Principle. We show that, via Rényi entropy for signed
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measures, the quantum mechanics of a single qubit is fully characterized by these two

axioms.

2. Axioms for Entropy

Rényi (1961) showed that his de�nition of entropy satis�ed a list of axioms which he

conjectured gave a characterization. Daróczy (1963) proved the conjecture. The approach

followed by Rényi and Daróczy was �rst to axiomatize entropy for a larger class of measures

(non-negative measures with total weight less than or equal to one) and then to specialize

the construction to probabilities. We proceed in a similar manner by starting with a set of

axioms which characterizes a notion of entropy for signed measures, and then specializing

the construction to signed probabilities.

Given a �nite set X = {x1, . . . , xn}, a signed measure Q on X is de�ned by a tuple

Q = (q1, . . . , qn) of real numbers. The quantity w(Q) = |Σiqi| will be called the weight

of Q. We require w(Q) 6= 0 but we do not require w(Q) = 1 (except when Q is a signed

probability measure).

Given two signed measures P = (p1, . . . , pm) and Q = (q1, . . . , qn), we denote by P ∗ Q
the signed measure which is the product (p1q1, . . . , p1qn, . . . , pmq1, . . . , pmqn) whenever it

is well-de�ned, i.e., whenever Σi,jpiqj 6= 0. Also, we denote by P ∪ Q the signed measure

(p1, . . . , pm, q1, . . . , qn) whenever it is well de�ned, i.e., whenever Σipi + Σjqj 6= 0. We write

(q) for the signed measure consisting of the scalar q. We impose the following axioms on

entropy H:

Axiom 1. (Real-Valuedness) H(Q) is a non-constant real-valued function of Q.

Axiom 2. (Symmetry) H(Q) is a symmetric function of the elements of Q.

Axiom 3. (Continuity) H(Q) is a continuous function of each of the elements of Q.

Axiom 4. (Calibration) H((1
2
)) = 1.

Axiom 5. (Additivity) H(P ∗Q) = H(P ) +H(Q) whenever H(P ∗Q) is well-de�ned.

Axiom 6. (Mean-Value Property) There is a strictly monotone and continuous function

g : R→ R such that for any P,Q, whenever H(P ∪Q) is well-de�ned

H(P ∪Q) = g−1[
w(P )g(H(P )) + w(Q)g(H(Q))

w(P ∪Q)
].

Axiom 7. (Smoothness) H((q, 1− q)) is smooth (C∞) at q = 0.

Some comments on the axioms. The forms of Axioms 2-6 are carried over without

essential change from axioms for Rényi entropy with non-negative measures. (Notice that

Axiom 2 is built into the set-up.) Axiom 1 ensures that entropy can be viewed as a
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measure of the amount or quantity of information in a system, and, to this end, states

that entropy must be an ordinary (i.e., real) number. This axiom has bite when applied

to signed vs. unsigned measures, because simply extending the domain of ordinary Rényi

entropy to negative arguments may yield a complex-valued functional. (In particular, if α

is an odd integer, then we may get the log of a negative number.) Concerning Axiom 7,

Rényi entropy with non-negative measures is smooth in the interior of its domain. Axiom

7 imposes smoothness at q = 0, since this is no longer a boundary value of q.

Theorem 1. Axioms 1-7 hold if and only if

(2.1) H(Q) := H2k(Q) = − 1

2k − 1
log2(

∑
i | qi |2k

|
∑

i qi |
),

where k = 1, 2, . . . is a free parameter.

Note that when Q is a signed probability measure, i.e., Σiqi = 1, equation (2.1) reduces

to

H2k(Q) = − 1

2k − 1
log2(

∑
i

qi
2k),

where we have also omitted the absolute value in the numerator, since 2k is an even integer.

The theorem follows from three lemmas.

Lemma 1. Under Axioms 1, 3, 4, and 5, if q 6= 0, then H((q)) = − log2 |q|.

Proof. Let h(q) := H((q)). Axioms 1 and 3 imply that h is real-valued and continuous.

Axiom 5 implies that h(pq) = h(p) + h(q) whenever p, q 6= 0. This is a version of Cauchy's

logarithmic functional equation (Aczél and Dhombres [1989, Equation (7) and Theorem 3])

with general solution h(q) = c log2 |q|, where c is a real constant. Axiom 4 �xes c = −1. �

Lemma 2. Under Lemma 1 and Axioms 5 and 6, we have g(x) = −dx + e (linear) or

g(x) = d2(1−α)x+ e (exponential), where d 6= 0, e, and α 6= 1 are arbitrary constants.

Proof. We extend the argument in Daróczy (1963) to signed measures. If Q is a signed

measure, then from Lemma 1 and induction on Axiom 6 we obtain

(2.2)

H(Q) = H((q1) ∪ · · · ∪ (qn)) = g−1[

∑
j w((qj)) g(H((qj)))

w((q1) ∪ · · · ∪ (qn))
] = g−1[

∑
j |qj| g(− log2 |qj|)
|
∑

j qj|
].

From this and Axiom 5, we have for signed measures P and Q, provided Σi,jpiqj 6= 0

g−1[

∑
i,j |piqj| g(− log2 |piqj|)

|
∑

i,j piqj|
] = g−1[

∑
i |pi| g(− log2 |pi|)
|
∑

i pi|
] + g−1[

∑
j |qj| g(− log2 |qj|)
|
∑

j qj|
].
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De�ne f : R++ → R by f(t) = g(− log2 t). Substituting, we get

f−1[

∑
i,j |piqj| f(|piqj|)
|
∑

i,j piqj|
] = f−1[

∑
i |pi| f(|pi|)
|
∑

i pi|
]× f−1[

∑
j |qj| f(|qj|)
|
∑

j qj|
].

Setting Q = (q) (where q 6= 0), this becomes

1

|q|
f−1[

∑
i |pi| f(|piq|)
|
∑

i pi|
] = f−1[

∑
i |pi| f(|pi|)
|
∑

i pi|
].

De�ne hq : R++ → R by hq(t) = f(|q|t). Then

h−1q [

∑
i |pi|hq(|pi|)
|
∑

i pi|
] = f−1[

∑
i |pi| f(|pi|)
|
∑

i pi|
].

This shows that the maps hq and f generate the same means when restricting the pi to be

non-negative. By a theorem on mean values (Hardy, Littlewood, and Pólya [1952, Theorem

83]), this implies that

hq(t) = a(q)f(t) + b(q),

where a(q) and b(q) are independent of t, and a(q) 6= 0. Substituting, we get

f(|q|t) = a(q)f(t) + b(q).

This functional equation (restricting q to be non-negative) has the solution

f(t) = d log2 t+ e,

or

f(t) = dtα−1 + e,

where d 6= 0, e, and α 6= 1 are arbitrary constants (Hardy, Littlewood, and Pólya [1952,

Theorem 84]). Recalling the de�nition of f , we then �nd that either

(2.3) g(x) = −dx+ e,

or

(2.4) g(x) = d2(1−α)x + e,

as required. �

Lemma 3. Under Lemma 2 and Axioms 1 and 7, we have g(x) = d2(1−2k)x, where k is a

positive integer.

Proof. If g is linear as in equation (2.3), then from equation (2.2) we get
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(2.5) −d ·H(Q) + e = d ·
∑

i |qi| log2 |qi|
|
∑

i qi|
+ e ·

∑
i |qi|

|
∑

i qi|
.

If g is exponential as in equation (2.4), then from equation (2.2) we get

(2.6) d · 2(1−α)H(Q) + e = d ·
∑

i |qi|α

|
∑

i qi|
+ e ·

∑
i |qi|

|
∑

i qi|
.

Now use Axiom 7. Setting Q = (q, 1 − q) in equation (2.5) we �nd that H((q, 1 − q))
is not C1 at q = 0. Setting Q = (q, 1 − q) in equation (2.6) we �nd that H((q, 1 − q))

is C1 at q = 0 only if e = 0. If α < 0, then H((0, 1)) is unbounded (negative), violating

real-valuedness in Axiom 1. Thus α ≥ 0. If α = 0, then H(Q) = 1 for all Q, violating

non-constancy in Axiom 1. Next, suppose α is not an integer and let k be the least integer

with k > α. Then ∂H((q, 1− q))/∂q = φ(q)
ψ(q)

where φ(0) 6= 0 and ψ(0) = 0. Thus α must be

an integer. If α is an odd integer then H((q, 1− q)) is eventually not di�erentiable at 0. It

follows that α is an even positive integer. �

The su�ciency direction of Theorem 1 is �nished by noting that equation (2.6) reduces

to equation (2.1) when e = 0 and α = 2k. The necessity of Axioms 1-7 is a straightforward

calculation.

3. An Application to Quantum Theory

We next apply our Rényi entropy for signed measures to a question in quantum theory.

There has been considerable recent interest in �nding axioms for quantum theory based

on information-theoretic principles. (Examples include using notions such as such as com-

munication complexity (Van Dam [2005]), information causality (Pawlowski et al. [2009]),

information capacity (Daki¢ and Brukner [2011]), and puri�cation (Chiribella et al. [2011]).

We provide an entropy-based characterization of the simplest quantum system, namely, a

two-level system such as the spin of a particle.

We work in quantum phase space and associate phase-space representations to candidates

for quantum states. These representations are, in general, signed probability measures. We

use our Rényi entropy for signed measures to assign an entropy to each such representative.

We then state our axioms on this structure.

To build phase space for a two-level quantum system, we start with the basis {σ0, σ1, σ2, σ3}
for the space of 2 × 2 Hermitian matrices, where σ0 = I is the 2 × 2 identity matrix and

σ1, σ2, σ3 are the Pauli matrices.
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Lemma 4. A 2× 2 Hermitian matrix M satis�es Tr(M) = 1 if and only if

M =
1

2
(I +

3∑
k=1

rkσk)

for some vector r ∈ R3.

De�nition 1. A 2× 2 Hermitian matrix M with Tr(M) = 1 is called a potential quantum

state. If, in addition, M is positive semi-de�nite, then M is a 1-qubit state. We also refer

to the corresponding r vectors as potential quantum states and 1-qubit states.

The phase space P for a two-level quantum system is the set of all maps which associate

an eigenvalue, namely, +1 or −1, to each element of the basis excluding the identity matrix,

that is

P = {f | f : {σ1, σ2, σ3} → {+1,−1}}.

Note that P may also be viewed abstractly as a map on indices, without mention of

Pauli matrices and eigenvalues. This makes our treatment fully axiomatic.

We next de�ne a phase-space representation for each potential quantum state as a signed

probability measure over P . Let

Q(P) = {q | q : P → R and
∑
f∈P

q(f) = 1}

denote the set of all signed probability measures on phase space.

De�nition 2. A phase-space state is an element q of Q(P ).

For a given q and 1 ≤ k ≤ 3, let rk be the expected outcome under q, that is

(3.1) rk =
∑

{f∈P | f(k)=+1}

q(f)× (+1) +
∑

{f∈P | f(k)=−1}

q(f)× (−1).

This de�nes a map φ from Q(P) to the set of potential quantum states given by

φ(q) =
1

2
(I +

3∑
k=1

rkσk).

De�nition 3. We say q is a phase-space representation of φ(q).

This is a restriction of a linear map from R8 to R3 and it will be helpful to �x some

notation surrounding a matrix representation.
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σ1 σ2 σ3

f1 +1 +1 +1

f2 −1 +1 +1

f3 +1 −1 +1

f4 −1 −1 +1

f5 +1 +1 −1

f6 −1 +1 −1

f7 +1 −1 −1

f8 −1 −1 −1

Enumerate P as {fj | j = 1, ..., 8} as above. Also, let the matrix A be de�ned by

A =


1 −1 1 −1 1 −1 1 −1

1 1 −1 −1 1 1 −1 −1

1 1 1 1 −1 −1 −1 −1

1 1 1 1 1 1 1 1

 ,

and, for r ∈ R3, de�ne r̂ ∈ R4 by r̂i = ri for i = 1, 2, 3 and r̂4 = 1.

De�nition 4. For q ∈ R8 and r ∈ R3 we say q represents r if

Aq = r̂.

Note we have folded the condition that q is a signed probability measure in as the last

equation in the de�nition of representation. As an example, qT = (1
4
, 0, 1

4
, 0, 1

4
, 0, 1

4
, 0) and

q̃T = (1
2
, 0, 1

2
,−1

2
, 0, 0, 0, 1

2
) both represent r = (1, 0, 0).

To move to our characterization of the qubit, we look at the largest collection of phase-

space states with maximum entropies above a threshold. As for what de�nition of entropy

to use, we refer back to Theorem 1 and choose the �rst member (k = 1) of the family of

entropy functionals there. (We also state a conjecture concerning k = 2,3, . . ..) That is,

in the notation of this section where q is a signed probability measure on phase space, we

choose

H2(q) = − log2(
8∑
j=1

(q(fj))
2).

In the case of ordinary (unsigned) probabilities, H2(·) entropy is known as collision

entropy. It is widely used in quantum information (Bosyk et al. [2012]). Renyi (1965)

provides a probability-theoretic justi�cation. The innovation here is to use collision entropy

� with signed probabilities � on quantum phase space.

We can now state our Uncertainty Principle, which takes the form of a lower bound on

the maximum entropy of a phase-space representation of a potential quantum state.
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Uncertainty Principle: A potential quantum state r is allowable if

max
{q∈Q(P) | Aq=r̂}

H2(q) ≥ 2.

The reason for choosing the lower bound to be 2 comes from the unbiasedness property

of quantum systems. A set of measurements on a system is called mutually unbiased if

complete certainty of the measured value of the outcome of one of them implies maximal

uncertainty about the outcomes of the others. As we did with the Uncertainty Principle,

we now turn this feature of quantum systems into an axiom. Speci�cally, we assume that

the three measurement directions in our two-level system form a mutually unbiased set, so

that if one outcome is +1 (or -1) with probability 1, each of the other two outcomes is +1

with probability 1
2
and -1 with probability 1

2
. Using equation (3.1), we arrive at our second

principle.

Unbiasedness Principle: If a potential state r is allowable and some ri = 1,

then rj = 0 for every j 6= i.

Lemma 5. If the threshold in the Uncertainty Principle is reduced, then the Unbiasedness

Principle fails.

Proof. Consider the phase-space probability measure q = (1
4
,+1

4
ε, 1

4
,−1

4
ε, 1

4
,+1

4
ε, 1

4
,−1

4
ε)

where ε > 0. Then q represents r = (1, ε, 0) which violates the Unbiasedness Principle, but

H2(q) = − log2(
1 + ε2

4
)

which tends to 2 from below as ε tends to 0. �

Lemma 6. The Unbiasedness Principle holds.

Proof. Note that

H2(q) ≥ 2⇔ ‖q‖22 ≤
1

4
.

For a general r, the representation q∗ which maximizes 2-entropy is given by

q∗ = AT (AAT )−1r̂.

Now use the fact that AAT = 8I to write

‖q∗‖22 = r̂T (AAT )−1r̂ =
1

8
rT r +

1

8
≤ 1

4
⇔

3∑
k=1

r2k ≤ 1,

and the result follows. �

Theorem 2. The potential quantum states satisfying the Uncertainty Principle are pre-

cisely the states of the qubit.

Proof. The matrix 1
2
(I+

∑3
k=1 rkσk) is positive semi-de�nite if and only if

∑3
k=1 r

2
k ≤ 1. �
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We conjecture a stronger result: Fix a k = 1, 2, 3, . . .. Consider the set of potential

quantum states r such that, for each r, the maximum 2k-entropy representation q of r

satis�es H2k(q) ≥ 2. Then the intersection of these sets, over k = 1, 2, 3, . . ., is precisely

the states of the qubit. Figure 1 provides computer evidence for this conjecture. It depicts

�ve nested convex regions (starting with blue and ending with red) that correspond to the

projections onto the r1-r2 plane of the �rst �ve sets in this sequence.

−1 +1 

+1 

−1 

Figure 1: Potential quantum states satisfying the Uncertainty Principle

Conventionally, negative probabilities are used in phase-space representations of 2-qubit

or high-dimensional systems, where negativity is seen as a witness of entanglement. (By

Bell's Theorem (Bell [1964]), there are states of two-qubit systems that cannot be rep-

resented by non-negative probabilities on phase space.) We need negative probabilities

even in a 1-qubit system because of our requirement that representations have a maxi-

mum 2-entropy of at least 2. To see this, consider (r1, r2, r3) = ( 1√
3
, 1√

3
, 1√

3
). The (unique)

maximum 2-entropy representation is

q =
1

8
(1 +

√
3, 1 +

1√
3
, 1 +

1√
3
, 1− 1√

3
, 1 +

1√
3
, 1− 1√

3
, 1− 1√

3
, 1−

√
3),
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with negative �nal component. The 2-entropy of q is 2, so we cannot �nd another rep-

resentation with all non-negative components with su�ciently high 2-entropy. We can

say that negative probabilities on phase space are not only an entanglement witness (in

higher-dimensional systems) but also a witness for quantum uncertainty even in 1-qubit

systems.
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