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Abstract

The Agreement Theorem (Aumann, 1976) states that if two Bayesian agents start
with a common prior, then they cannot have common knowledge that they hold differ-
ent posterior probabilities of some underlying event of interest. In short, the two agents
cannot ‘agree to disagree.’ We investigate the epistemics of the quantum world and
ask, in particular: What conditions lead to agreement or allow for disagreement in a
non-classical setting? We establish: (i) an Agreement Theorem for signed probability
measures, which covers all no-signaling theories; (ii) the possibility of common cer-
tainty of disagreement in a non-classical setting; (iii) the impossibility in non-classical
settings of common certainty of disagreement, if communication is possible, and even if
communication does not take place. Overall, our results show that there are limits to
disagreement in non-classical and, therefore, quantum settings. In particular, quantum
theory does not allow a situation in which agents can be ‘fully aware’ of a difference
in the application of itself. We relate our findings to the recent inconsistency result by
Frauchiger and Renner (2018).
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1 Introduction

In the domain of classical probability theory, Aumann (1976) proved the fundamental result
that Bayesian agents cannot agree to disagree. Two agents Alice and Bob begin with a
common prior probability distribution on a state space. Next, they each receive different
private information about the true state and form their conditional (posterior) probabilities
qA and qB of an underlying event of interest. Then, if these two values qA and qB are common
knowledge between Alice and Bob, they must be equal: qA = qB. By “common knowledge”
is meant that Alice knows Bob’s probability is qB, Bob knows Alice’s probability is qA, Alice
knows Bob knows her probability is qA, Bob knows Alice knows his probability is qB, and so
on indefinitely.

The role of common knowledge in this result is crucial. To conclude that qA = qB, it is not
sufficient that Alice and Bob know each other’s probabilities. It is not even enough that they
know these probabilities, and know they know them to some high finite order. Examples in
which this condition allows qA 6= qB are well known in the interactive epistemology literature
(Geanakoplos and Polemarchakis [1982], Aumann and Brandenburger [1995]). The condition
of common knowledge is tight.

All this applies in the classical domain where classical probability theory applies. But
in the microscopic or quantum domain, classical probability theory does not apply, and so
we cannot assume that the same facts about agreement and disagreement between Bayesian
agents hold when they observe quantum phenomena. A recent paper by Frauchiger and
Renner (2018) brings this matter to the fore. They consider physical experiments governed
by a theory T satisfying three axioms:

• Compliance with quantum theory — The theory T only allows outcomes consistent
with quantum mechanics

• Single world — The theory T only allows a single outcome of an experiment run once

• Epistemic collapse — If Alice is certain Bob is certain of an event E, then she is certain
of the event

Frauchiger and Renner produce a quantum set-up yielding an epistemic proposition on which
repeated application of epistemic collapse gives rise to a contradiction. They interpret their
impossibility result as suggesting that quantum theory cannot be directly extrapolated to
complex systems.1 There has been extensive discussion of the Frauchiger-Renner theorem

1Their experiment is an extension of the original Wigner’s Friend thought experiment (Wigner [1961])
and likewise involves a wavefunction with a superposition of terms where a Friend (there are actually two
Friends and two Wigners in Frauchiger and Renner [2018]) obtains different measurement outcomes.
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(see Pusey [2018] for commentary and additional references). Here, we comment on the
epistemics of their argument. When formalized the usual way, as we do later, the knowledge
modality obeys epistemic collapse — if Alice knows Bob knows an event E, then she knows
E — but certainty does not. This makes sense. Knowledge of an event means the event
includes all the states that are possible given the agent’s information. So, knowledge satisfies
the truth axiom: If an agent knows an event, then the event obtains. Certainty means the
agent assigns probability 1 to the event, conditional on the agent’s information, and does not
satisfy this axiom. Certainty is a weaker modality than knowledge (i.e., knowledge implies
certainty). Another way of stating the distinction is that knowledge is an objective modality
while certainty is subjective.

From our perspective, what Frauchiger and Renner have done is to uncover a new and
striking form of quantum strangeness, because the heart of their argument is (in simplified
form) a scenario in which Alice is certain of an event E and Alice is certain Bob is certain
of the complementary event Ec. Call this a situation of “singular disagreement” (like calling
two probability measures mutually singular). We show that this scenario cannot arise in a
classical setting and we verify, in a very simple setting, that it can arise non-classically.

Our main findings address the question: How far can disagreement between agents go in
a non-classical world? We establish three results:

a. In a non-classical domain, which covers all no-signaling theories, and as in the classical
domain, it cannot be common knowledge that two agents assign different probabilities
to an event of interest.

b. In a non-classical domain, and unlike the classical domain, it can be common certainty
that two agents assign different probabilities to an event of interest.

c. In a non-classical domain, it cannot be common certainty that two agents assign dif-
ferent probabilities to an event of interest, if communication of their common certainty
is possible – even if communication does not take place.

To interpret our first result, consider a theory T of some phenomena which is shared by two
agents, and suppose T is formalized using a probability distribution over an appropriate state
space. (Physical theories, classical as well as quantum, take this form if couched in phase
space.) While the two agents may observe different parts of an overall system described
by T, our first result says that if the agents know each other’s probability assessment of
an event of interest, know the other agent knows, and so on indefinitely, then they cannot
possess different probabilities concerning the event. This kind of disagreement is impossible
in quantum theory just as in any classical theory.
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Our second result goes in the opposite direction. While common knowledge of disagree-
ment is impossible even in a non-classical domain, more kinds of disagreement are possible
than classically. Our second result concerns certainty rather than knowledge. Certainty is
weaker than knowledge. Still, in the classical domain, common certainty of disagreement is
impossible just as common knowledge of disagreement is impossible. (A proof is given later.)
By contrast, we provide an example that demonstrates that in the non-classical domain, there
can be common certainty between two agents that they assign different probabilities to an
event of interest. Frauchiger and Renner (2018) establish finite-order certainty of disagree-
ment in a quantum setting. Our second result concerns common certainty of disagreement
in a general non-classical setting. This is, therefore, a new kind of non-classical strangeness
— one concerning a kind of disagreement between agents that is impossible classically.

Our third result goes in the same direction as the first. We add to the second setting the
requirement that Alice and Bob are able to communicate their certainty, certainty about each
other’s certainty, and so on. We prove that adding this ingredient to the set-up implies that
they cannot have common certainty of disagreement. (We also prove a variant where Alice
and Bob do not communicate with each other but with a third agent, Charlie.) Interesting to
note is that the requirement is that Alice and Bob have the ability to communicate — they
do not actually need to communicate for the possibility of common certainty of disagreement
to be removed. While our third result applies to all non-classical (no-signaling) theories, in
this respect it is akin to what is found in, for example, the quantum eraser experiment (Scully
and Drühl [1982]), where it suffices that information is available, not necessarily observed,
for collapse to happen. (See also Brukner [2017, p.17].)

Taken togther, our results establish a basic consistency of no-signaling theories and,
therefore, quantum theory. We can summarize them as saying that quantum theory does
not allow a situation in which agents can be ‘fully aware’ of a difference in the application
of itself.

2 Example

Figure 1 depicts the state-space description of some physical system that contains non-
classical components. There are four states, labeled 1 through 4. There is a common prior,
and the prior probabilities of the states are given in parentheses. Notice that the (prior)
probability of state 3 is negative, which cannot, of course, happen in a classical setting.
But, as is well known, the introduction of negative probabilities allows for the treatment of
quantum phenomena, as we will review in a moment. (The assumption of a common prior,
whether non-negative or not, is natural for the application to physical experiments where
there is a commonly held — if probabilistic — theory which the agents employ to make
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their calculations.) There are two agents, Alice and Bob. Alice receives private information
about the true state as represented by the red sets partitioning the state space, while Bob
receives private information as represented by the blue sets. Finally, we will be interested in
the agents’ respective (conditional) probabilities of the event E = {1, 3, 4}, when the true
state of the world is 1.

●

●

●

●

(−1/4)

State 1

State 2
(+1/4)

(+1/2)

(+1/2)

State 3

State 4

Figure 1: Singular disagreement in a non-classical world

Our formulation can model quantum systems. The state space is thought of as phase
space and negative probabilities come from the quasi-probability distributions of the phase-
space formulation (Wigner [1932], Dirac [1942], Feynman [1987], Wooters [1987]). In fact,
this approach allows for all no-signaling theories (Abramsky and Brandenburger [2011]).

Alice’s partition now represents the information she has about any measurements she
undertakes and outcomes she observes, and also any information she might have about any
measurements Bob undertakes and outcomes he observes. Bob’s partition has the analogous
interpretation. A simple case would be where Alice (Bob) knows only a measurement she
(he) undertakes and the outcome obtained, but the partition model is more general than
this. We assume simply that Alice has some partition of the phase space, and likewise for
Bob.

Returning to the specific example, we now fix the true state to be 1 and calculate what
probability Alice and Bob, respectively, assign to the event E. We will write out these
calculations, since the use of negative probabilities may not be familiar. Letting p denote
the common prior (which is a quasi- or signed probability measure), we can write Alice’s
probability of E as
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p({1, 3, 4} ∩ {1})
p({1}) = p({1})

p({1}) =
+1

4
+1

4
= 1,

and Bob’s probability of E as

p({1, 3, 4} ∩ {1, 2, 3})
p({1, 2, 3}) = p({1, 3})

p({1, 2, 3}) =
+1

4 −
1
4

+1
4 + 1

2 −
1
4

= 0
+1

2
= 0.

Thus, at state 1, Alice assigns probability 1 to E and Bob assigns probability 0 to E. Next,
let’s find the event, which we label G, that Bob assigns probability 0 to E. We know that
1 ∈ G. Bob’s probability of E is again 0 at states 2 or 3. At state 4, Bob’s probability of E
is

p({1, 3, 4} ∩ {4})
p({4}) = p({4})

p({4}) =
+1

2
+1

2
= 1,

so that G = {1, 2, 3}. At state 1, Alice’s probability of G is

p({1, 2, 3} ∩ {1})
p({1}) = p({1})

p({1}) =
+1

4
+1

4
= 1.

Thus, at state 1, Alice assigns probability 1 to E while at the same time she assigns prob-
ability 1 to Bob’s assigning probability 0 to E. This is an example of what we called singular
disagreement in the Introduction. The example shows how this phenomenon can arise in
a non-classical environment. In the next section, we will verify that singular disagreement
cannot arise in a classical environment.

In a model with negative probabilities, events that receive probability in [0, 1] are ob-
servable in that they can be associated to actual outcomes and observed frequencies. In the
example, all partition cells, namely {1} , {2, 3, 4} , {1, 2, 3}, and {4}, receive probability in
(0, 1]. So, they are observable and, in fact, strict positivity of these events ensures that the
agents can also condition on them. (Less important, all events in the join of the two agents’
partitions, namely, {1} , {2, 3}, and {4}, receive probability in (0, 1], so that, if they pooled
their information, the agents could also observe and condition on the resulting events.) The
event E receives probability in (0, 1], which means it is observable and non-trivial. We will
consider observability further in the next section.

3 General Formulation

For the general case, let the state space be a finite set Ω, and let Alice and Bob have partitions
of Ω denoted by PA and PB, respectively. Let p denote the common (possibly signed) prior
probability measure on Ω. We will assume throughout that all members of the partitions
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PA and PB receive non-zero probability, so that conditioning is well-defined.
We begin with a remark about the classical domain.

Remark 1. Suppose that p is non-negative and fix an event E. Let G be the event that Bob
assigns probability 0 to E, i.e.

G = {ω′ ∈ Ω : p(E | PB(ω′)) = 0} .

Then there is no state ω at which Alice assigns probability 1 to E ∩G.

Proof. Suppose there is such a state ω. Then p(E | PA(ω)) = 1 and p(G | PA(ω)) = 1.
Note that we can write G = ⋃

i∈I πi where each πi ∈ PB and I is an index set (finite). In
particular, there is a πi ∈ PB such that p(E | πi) = 0 and p(πi | PA(ω)) > 0.

We now have three events A (= PA(ω)), B (= E), and C (= πi) such that p(B | A) = 1,
p(B | C) = 0, and p(C | A) > 0. From p(B | A) = 1 we get p(A ∩ (C r B)) = 0. From
p(B | C) = 0 we get p(A ∩ (B ∩ C)) = 0. It follows that p(A ∩ C) = 0, contradicting
p(C | A) > 0.

Remark 1 says that singular disagreement is impossible in the classical domain, verifying
that this phenomenon is non-classical. The example of the previous section uses the fact
that signed measures do not satisfy monotonicity. Specifically, in the proof here, the step
p(A ∩ (B ∩ C)) = 0 because p(B | C) = 0 fails with signed measures, thereby allowing
singular disagreement.

Next, we establish the implication of common knowledge of the agents’ probabilities.
Formally, the result is an extension of the existing Agreement Theorem (Aumann [1976]),
which treats the classical case of non-negative probabilities. We interpret the extension as
providing a limit to the degree of disagreement possible in the non-classical world. Disagree-
ment cannot be complete in the precise sense that there cannot be common knowledge of
disagreement.

We need formal definitions of knowledge and then common knowledge. (We will provide
definitions of certainty and common certainty later.)

Definition 1. Alice knows an event E at state ω if PA(ω) ⊆ E.

At state ω, Alice’s information is that the true state lies in PA(ω). It follows that the true
state therefore lies in any superset of PA(ω), i.e., that Alice knows all such events obtain.
This is the standard definition of knowledge in the interactive epistemology literature. Some
notation: The meet (finest common coarsening) of Alice’s and Bob’s partitions is written
PA ∧ PB. The member of the meet that contains state ω is written (PA ∧ PB)(ω).

Definition 2. An event E is common knowledge between Alice and Bob at a state ω if
(PA ∧ PB)(ω) ⊆ E.
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This definition of common knowledge is easily shown to be equivalent to the recursive
definition (Alice knows E occurs, Bob knows E occurs, Alice knows Bob knows E occurs,
etc.). Aumann (1976) proves this fact.

Proposition 1. Fix a common prior (which may be a signed probability measure) and an
event E. Suppose at a state ω∗ it is common knowledge that Alice’s probability of E is qA

and Bob’s probability of E is qB. Then qA = qB.

Proof. Define
A0 = {ω ∈ Ω : p(E | PA(ω)) = qA} ,

B0 = {ω ∈ Ω : p(E | PB(ω)) = qB} .

The hypothesis of the proposition is that

(PA ∧ PB)(ω∗) ⊆ A0 ∩B0.

Now, we can write (PA ∧ PB)(ω∗) = ⋃
i∈I πi where each πi ∈ PA and I is an index set

(finite). Since (PA ∧ PB)(ω∗) ⊆ A0, we have p(E | πi) = qA for all i ∈ I. We also have

p(E | (PA ∧ PB)(ω∗)) =
∑
i∈I

p(πi |
⋃
i∈I

πi)× p(E | πi),

so that p(E | (PA ∧ PB)(ω∗)) is an affine combination of qA’s and is therefore equal to
qA. We can run exactly the same argument with B in place of A to conclude that p(E |
(PA ∧ PB)(ω∗)) = qB. It follows that qA = qB.

We did not need to impose any observability conditions in this theorem, making it fully
general. (If we did add the condition that members of PA and PB receive strictly positive
— as opposed to non-zero — probability, then the affine combination in the proof would
become a convex combination and the proof would be exactly that in Aumann [1976].)

This result shows that the Agreement Theorem, which establishes a limit to disagreement
in the classical world, extends to the entire non-classical world, including the quantum world.
Next, we show that, this result notwithstanding, there can be a strong type of disagreement
in the non-classical case, different from the singular disagreement we have already seen.

Definition 3. Alice is certain of an event E at state ω if p(E | PA(ω)) = 1.

At state ω, Alice’s information is that the true state lies in PA(ω). She is certain of
E if she assigns probability 1 to E, conditional on this information. This is the standard
definition of certainty in the interactive epistemology literature. Next, fix an event E and

8



probabilities qA and qB. We define the event that it is common certainty that Alice assigns
probability qA to E and Bob assigns probability qB to E. To do so, again let

A0 = {ω ∈ Ω : p(E | PA(ω)) = qA} ,

B0 = {ω ∈ Ω : p(E | PB(ω)) = qB} ,

and, in addition, let

An+1 = An ∩ {ω ∈ Ω : p(Bn | PA(ω)) = 1} ,

Bn+1 = Bn ∩ {ω ∈ Ω : p(An | PB(ω)) = 1} ,

for n ≥ 0. The set A0 contains all the states where Alice assigns probability qA to E. The
set A1 contains all the states where the previous is true and, in addition, Alice is certain
Bob assigns probability qB to E. The set A2 contains all the states where the previous is
true and, in addition, Alice is certain Bob is certain she assigns probability qA to E. And so
on. In this way, the set An contains all the states where Alice has nth-order certainty of E,
and similarly for Bob and the sets Bn for all n.

Definition 4. It is common certainty at a state ω∗ that Alice assigns probability qA to E
and Bob assigns probability qB to E if

ω∗ ∈
∞⋂

n=0
An ∩

∞⋂
n=0

Bn.

A special case is where qA = qB = 1. Then we can simply say that the event E is common
certainty between Alice and Bob at ω∗.

Going back to the definition of certainty, it is clear that if Alice knows an event E at
state ω, then she is certain of E at ω. It is also true that common knowledge of E implies
common certainty of E. (Proof: We just gave the first step. Next, if Alice knows Bob knows
E, then she knows Bob is certain of E, since knowledge is monotonic. From this, Alice
is certain Bob is certain of E. The argument can be continued to all higher levels.) But
certainty is a strictly weaker modality than knowledge. (Also, common certainty is strictly
weaker than common knowledge, as we will see later.) Figure 2 demonstrates this claim in
two different instances — the first classical and the second non-classical. In both instances,
Alice is certain of E but she does not know E.
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●
E

(+q)

𝒫A(ω)

Grey area gets total probability 0

E𝒫A(ω)

●

●
(−q)

(+r)

Figure 2: Classical and non-classical knowledge-certainty distinction

This distinction is not significant in the classical world, since there is also an Agreement
Theorem for certainty: If two agents have common certainty of each other’s probabilities
of E, then these probabilities must be equal, just as with common knowledge. (This is a
corollary to Proposition 2 below.) But the distinction is fundamental in the non-classical
world. The next example shows that it is possible to have common certainty of disagreement.
This is a new point about how the non-classical and classical worlds differ.

● ●

● ●
(−ϵ)

ω1 ω3

(+ϵ) (+η)

(−η)

ω2 ω4

●
(+1/2)

ω6

●
(+1/2)

ω5

Figure 3: Common certainty of disagreement in a non-classical world

As before, Alice receives private information about the true state as represented by the
red sets partitioning the state space in Figure 3, while Bob receives private information as
represented by the blue sets. The underlying event of interest is E = {ω2, ω4, ω5, ω6} and
the true state of the world is ω5. The numbers ε and η are small and positive with ε 6= η.
Set

A0 = {ω ∈ Ω : p(E | PA(ω)) = 1− 2ε} = {ω1, ω2, ω5} ,

B0 = {ω ∈ Ω : p(E | PB(ω)) = 1− 2η} = {ω3, ω4, ω5} ,

so that
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A1 = A0 ∩ {ω ∈ Ω : p(B0 | PA(ω)) = 1} = {ω1, ω2, ω5} ,

B1 = B0 ∩ {ω ∈ Ω : p(A0 | PB(ω)) = 1} = {ω3, ω4, ω5} ,

from which An+1 = An and Bn+1 = Bn for all n ≥ 1. It follows that ω5 ∈
⋂∞

n=0 An ∩⋂∞
n=0 Bn. In words, at state ω5, it is common certainty between Alice and Bob that she

assigns probability 1− 2ε to E while he assigns probability 1− 2η to E. We conclude that
in a setting with signed probabilities, it is possible for there to be common certainty of
disagreement.

Note that, by Proposition 1, the agents’ probabilities of E cannot be common knowledge
at ω5 (because then the probabilities must be the same). Alternatively, this can be checked
directly via the definition of common knowledge in terms of the join of PA∧PB (which is the
whole space). So, this example also serves to establish the claim that common certainty is
strictly weaker than common knowledge. Note also that the example exhibits a high degree
of observability: All members of PA and PB get strictly positive probability (+1/2). All
members of the join (coarsest common refinement) PA ∨PB get non-negative probability (0
or +1/2). The event of interest E gets probability 1− ε− η > 0.

4 Communication

Common knowledge and common certainty are different from communication between agents.
If Alice announces the probability she assigns to an event of interest E, then this communi-
cates information to Bob and he can update his partition PB to incorporate this information.
Vice versa if Bob communicates to Ann, who can then announce new probabilities. This
process could continue. (The communication of probabilities this way was first studied by
Geanakoplos and Polemarchakis [1982].)

We assume that communication yields observable probabilities. If not, then commu-
nication would cease being meaningful. To see the issue, go back to the example of Fig-
ure 3 and suppose the true state is ω1. Then both Alice and Bob assign probability
1 − 2ε to E = {ω2, ω4, ω5, ω6}. Alice now communicates her probability to Bob, which
tells Bob she has the information {ω1, ω2, ω5}. (If she had the information {ω3, ω4, ω6},
she would have communicated a probability of 1 − 2η.) So, Bob’s updated partition is
PB ∨ {{ω1, ω2, ω5}, {ω3, ω4, ω6}} = {{ω1, ω2}, {ω3, ω4}, {ω5}, {ω6}} and his information is
that the true state lies in {ω1, ω2}. Next, Bob calculates his new probability of E as
p(E∩{ω1, ω2})/p({ω1, ω2}) = −ε/0, which does not lie in [0, 1] (and is not even well-defined).
Communication ceases being meaningful at this point. We will say that the set-up in Figure
3 is not communication-enabled.
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For a formal definition, we first define a sequence of partitions for Alice, corresponding
to the sequence of announcements she could make about her probability of E, her certainty
or not of what Bob’s probability of E is, her certainty or not about Bob’s certainty, and so
on. Likewise for Bob.2 Formally, for all n ≥ 0, let

M(n)
A = {An, A

c
n},

M(n)
B = {Bn, B

c
n}.

Definition 5. For any π,E ⊆ Ω, say π is regular with respect to E if p(π) ≥ 0 and p(π ∩E)
lies in [0, p(π)].

Definition 6. A structure (Ω, p,PA,PB) is communication-enabled with respect to E if, for
each n ≥ 0, each π ∈ PA ∨M(n)

B and each π ∈ PB ∨M(n)
A is regular with respect to E.

These definitions capture the idea that if the players communicate their probabilities at
any level, the calculations they then make are meaningful. Notice that the condition does not
require that the players actually communicate, only that they would be able to communicate
meaningfully if they decided to do so. We come back to this point below.

Remark 2. Fix π, π′ ⊆ Ω with π ∩ π′ = ∅. Then if π and π′ are both regular with respect to
E, so is π ∪ π′.

From now on we will assume that all members of PA and PB get strictly positive probabil-
ity. This ensures that the agents are able to observe and condition on their own information.

Proposition 2. Fix a structure (Ω, p,PA,PB) that is communication-enabled with respect
to E and suppose at a state ω∗ it is common certainty that Alice’s probability of E is qA and
Bob’s probability of E is qB. Then qA = qB.

Proof. Begin by defining An and Bn, for n ≥ 0, as before. Since Ω is finite, there is an N
(finite) such that for all n ≥ N , An+1 = An and Bn+1 = Bn. We have

AN+1 = AN ∩ {ω ∈ Ω : p(BN | PA(ω)) = 1} = AN ,

from which p(BN | PA(ω)) = 1 for all ω ∈ AN .

Now AN = ⋃
i∈I πi where each πi ∈ PA and I is an index set (finite). We just saw that

p(BN | πi) = 1 for all such πi. But p(BN | AN) is a convex combination of the p(BN | πi)’s,
so p(BN | AN) = 1. It follows that p(AN\BN) = 0, which we will use shortly.

2Notice that all of Alice’s potential announcements are made relative to her (initial) partition PA; and
likewise for Bob. This is different from Geanakolpos and Polemarchakis (1982) where the (actual) announce-
ments are relative to partitions which are successively updated based on previous announcements.
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Observe that AN ⊆ A0 and so p(E | πi) = qA for these same πi. By a second convex
combination argument, p(E | AN) = qA.

Next, observe that {AN , A
c
N} is a coarsening of PA (by definition of the An’s). From this

andM(N)
B = {BN , B

c
N}, it follows that {AN\BN , (AN\BN)c} is a coarsening of PA ∨M(N)

B .
By the hypothesis of the proposition and Remark 2, it follows that AN\BN is regular with
respect to E. Using p(AN\BN) = 0, it follows that p((AN\BN)∩E) = 0, and so p(E ∩AN ∩
BN) = p(E∩AN). Again using p(AN\BN) = 0, we get p(AN ∩BN) = p(An) > 0 (the set AN

is a union of members of PA). We conclude that p(E | AN ∩BN) = p(E | AN) = qA. We can
run exactly the same argument with B in place of A to conclude that p(E | AN ∩BN) = qB.
It follows that qA = qB.

This result says that common certainty of disagreement is possible only when the agents
are unable to communicate their probabilities meaningfully. We can think of meaningful
communication as necessary if Alice and Bob want to confirm their disagreement — as
opposed to just being certain of disagreement (and certain they are certain, etc.). Interest-
ingly, the mere ability to confirm their disagreement is enough to rule out common certainty
of disagreement between Alice and Bob. As we said in the Introduction, a signature of
non-classicality is that a system is affected by the mere availability of information – the
information need not be observed.

A corollary to Proposition 2 is that common certainty of disagreement is impossible in
the classical world. This follows because the condition of being communication-enabled is
automatically satisfied in the case of unsigned probabilities.

Consider another communication scenario: There is a third agent, Charlie, who starts
out with no information about the true state. Alice and Bob are able to communicate with
Charlie, but not with each other. (They do not necessarily undertake the communication.)
We can ask if this scenario, too, rules out common certainty of disagreement. Here is the
appropriate analog to Definition 6.

Definition 7. A structure (Ω, p,PA,PB) is third-party communication-enabled with respect
to E if, for each n ≥ 1, each π ∈M(n)

A ∨M
(n)
B is regular with respect to E.

The idea is that the third party, Charlie, starts with the trivial partition {Ω, ∅} and is
then able to make meaningful calculations with the information which announcements by
Alice and Bob would give him. (Again, Alice and Bob do not actually have to undertake
this communication.) Alice and Bob do not communicate with each other.

Proposition 3. Fix a structure (Ω, p,PA,PB) that is third-party communication-enabled
with respect to E and suppose at a state ω∗ it is common certainty that Alice’s probability of
E is qA and Bob’s probability of E is qB. Then qA = qB.
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Proof. FromM(N)
A = {AN , A

c
N} andM

(N)
B = {BN , B

c
N} it follows that {AN\BN , (AN\BN)c}

is a coarsening ofM(N)
A ∨M(N)

B . Using the hypothesis of the proposition and Remark 2, we
conclude that AN\BN is regular with respect to E. The rest of the proof follows exactly the
proof of Proposition 2.

5 Related Work

Our findings help clarify a statement in the Sudbery (2017) comment on Frauchiger and
Renner (2018). Sudbery writes “[T]here is no logical reason why statements existing in
different perspectives should be consistent (think of statements about the order of events
in different frames of reference, in special relativity).” We show that certain types of in-
consistency of statements existing in different perspectives are, in fact, impossible. First,
in classical settings, if the statements concern probabilistic assessments of some underlying
event in common, then what we called singular disagreement is impossible (Remark 1). Sec-
ond, even in non-classical settings, both common knowledge of disagreement (Proposition
1) and common certainty of disagreement under communication (Propositions 2 and 3) are
impossible, which imposes a clear limit on the way in which agents can disagree.

As discussed in the Introduction, Frauchiger and Renner (2018) promote singular dis-
agreement to a formal contradiction. Brukner (2018) proves a no-go theorem by articulating
an analogous assumption he calls “observer-independent facts” and which states that “One
can jointly assign truth values to the propositions about observed outcomes (facts) of dif-
ferent observers ....” As in Brukner, our formalism would not justify this move except as an
additional ingredient.3

Khrennikov and Basieva (2015) and Khrennikov (2015) study extensions of the classical
Agreement Theorem to settings where the agents process information in a non-Bayesian and
quantum-like way, while the substrate remains classical. This is the opposite of our approach
(or that in Frauchiger and Renner [2018]). Our use of signed probabilities is to capture
the non-classicality of the physical substrate, not a departure of the agents’ information
processing from Bayesianism.

Our results establish, on the one hand, a new kind of non-classical strangeness in the
form of the possibility of common certainty of disagreement. On the other hand, by proving
that both common knowledge of disagreement and common certainty of disagreement under
communication are impossible, even in non-classical settings, we establish a basic consistency
of quantum theory in particular.

3Effectively, certainty would have to become knowledge.
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